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Q1. (15 marks) Let f be a C2-function on [0, 1]2. Suppose f(1, 1) = f(0, 1), f(1, 0) = 1, and

f(0, 0) = 2. Then
1

2

(∫
[0,1]2

∂2f

∂x ∂y
+

∫
[0,1]2

∂2f

∂y ∂x

)
= ?

Q2. (15 marks) Consider the function f : R2 −→ R2 defined by

F (x, y) = (ex cos y, ex sin y) ((x, y) ∈ R2).

Prove that F is not injective yet it is locally invertible, and explain why this does not violate

the inverse function theorem.

Q3. (20 marks) Evaluate the following integrals. Justify all steps.

(i)

∫ 1

0

∫ 1

x

(
sin(y2)

)
dy dx. (ii)

∫ 1

−1

∫ 1

|y|
(x+ y)2 dx dy.

Q4. (20 marks) Let F : R3 → R be a C1-function. Suppose

∂F

∂x
(x, y, z)

∂F

∂y
(x, y, z)

∂F

∂z
(x, y, z) ̸= 0,

for all (x, y, z) ∈ R3. If F (x, y, z) = 0, then explain the meaning of ∂x
∂y
, ∂y
∂z

and ∂z
∂x
, and prove

that
∂x

∂y

∂y

∂z

∂z

∂x
= −1.

Q5. (20 marks) (i) Let F be a C2-vector field on an open subset O ⊆ R3. Prove that

div curl F = 0.

(ii) Explain why the following system of partial differential equations has no C2-solutions

P (x, y, z), Q(x, y, z), and R(x, y, z):

∂R

∂y
− ∂Q

∂z
= x,

∂P

∂z
− ∂R

∂x
= y,

∂Q

∂x
− ∂P

∂y
= z.

Q6. (20 marks) Verify Stokes’ Theorem for the vector field F (x, y, z) = ⟨−y2, x, z⟩ and the

surface S obtained by intersecting y + z = 2 and x2 + y2 ≤ 1 with standard orientation.
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